Quantum phase transitions out of equilibrium are outstanding emergent subjects in condensed matter physics with great fundamental importance and challenges. We theoretically investigate here the nonequilibrium quantum phase transition in a generic nano-setup: the pseudogap Kondo model where a Kondo quantum dot couples to two-left (L) and right (R)-voltage-biased fermionic leads with power-law density of states (DOS) with respect to their Fermi levels
I. INTRODUCTION
Quantum phase transitions (QPTs), 1 the continuous phase transitions that occur at zero temperature due to quantum fluctuations, in strongly correlated electron systems have attracted much attention over the last three decades. Near the quantum critical points (QCPs) associated with QPTs, thermodynamic properties exhibit non-Fermi liquid properties and universal scalings. Recently, due to high tunability, nano-devices such as quantum dots in the Kondo regime 2, 3 offer an opportunity to study new aspects in QPTs under nonequilibrium conditions, which has become one of the outstanding emergent subjects in condensed matter physics, with great fundamental importance. Examples include the distinct nonlinear steady-state conductance compared to its equilibrium counterpart in a twodimensional superconductor-insulator transition, 4 in itinerant magnetism, 5 and in Kondo quantum dots coupled to dissipative environments (e.g., spin [6] [7] [8] and charge 9 fluctuations as well as electron-electron interactions in the leads 10 ). Outstanding issues include the following: Do universal nonequilibrium scaling functions near QCPs exist? If so, how are they different from their equilibrium counterparts and how can they be realized experimentally? In Ref. 9 , the authors discovered the distinct nonequilibrium profile in transport near the localizeddelocalized QPT of the Kosterlitz-Thouless (KT) type in a generic voltage-biased dissipative resonance level (quantum dot) from its equilibrium properties at finite temperatures. The current-induced decoherence rate smearing out the transition shows highly nonlinear voltage dependence, resulting in these distinct behaviors.
In this paper, we theoretically address the above issues by investigating the nonequilibrium quantum criticality in a different class of generic nano-setup: the pseudogap Kondo (PGK) model [11] [12] [13] [14] [15] in a quantum dot. 16 We consider a Kondo quantum dot coupled to two-left (L) and right (R)-fermionic leads with a power-law (pseudogap) density of states (DOS) which vanishes at the Fermi level
r with 0 < r < 1. Possible realizations of the pseudogap leads include d-wave superconductors (r = 1), 14 graphene 17 (r = 1), one-dimensional Luttinger systems (r > 0), 12 quantum dots embedded in an Aharonov-Bohm ring (r = 2), 18 and Kondo quantum dots coupled to magnetic metal leads (0 < r < 1). [6] [7] [8] In equilibrium (V = 0) and for 0 < r < 1/2, with decreasing Kondo couplings the particle-hole (p-h) symmetric PGK model exhibits a "true" QPT (distinct from a QPT of the KT type 19 ) from the Kondo screened phase to the unscreened local moment (LM) phase. 12, 14 Near QCP separating these two phases, all observables in equilibrium exhibit universal power-law scalings and have been extensively studied. 14, 15 Nevertheless, there is lack of understanding regarding their corresponding out-of-equilibrium quantum critical properties. We shall address below this issue and focus on universal nonequilibrium scaling behavior near the QCP.
II. THE MODEL AND THE RG APPROACH
The Hamiltonian of the particle-hole (p-h) symmetric PGK model reads
where At a finite bias voltage, however, the system is under steadystate nonequilibrium condition; the Fermi levels of the two leads are shifted by ±V /2. Under various RG approaches, the Kondo interaction vertices under nonequilibrium condition in general depend not only on the cutoff scale D, but also on the electron energy (frequency). 20, 21 We employ here a weak coupling one-loop frequency-dependent nonequilibrium RG approach of Refs. 9 and 20 which keeps track of energy of the incoming conduction electrons in the Kondo scattering.
To emphasize the generic features of nonequilibrium scaling near the QCP of our system, we focus here (without the loss of generality) on the p-h symmetric pseudogap Kondo model with 0 < r < r * = 0.375, where the QCP is stable against the p-h asymmetry. [12] [13] [14] Experimentally, it is feasible to realize a p-h symmetric Kondo dot by controlling gate voltages. Note, however, that our approach is in general valid for any r < 1, though it works better for r being small. For r > r * , this QCP is unstable toward a different QCP with p-h asymmetry, 14 which exceeds the scope of this paper and will be addressed elsewhere. The nonequilibrium scaling equation for the Kondo couplings of our model under the approaches in Refs. 20 and 22 reads
where α,α = L,R, is the current-induced decoherence rate obtained from the imaginary part of the pseudofermion self-energy, 20 (2)]. Hence, the RG flows are not completely stopped until a much lower energy scale D V is reached. We shall focus below on the distinct nonequilibrium quantum critical behaviors due to this peculiar nonequilibrium RG flow.
We have numerically and analytically solved Eqs. (2) and (3) self-consistently at T = 0 in the limit of D → 0 for a symmetrically coupled single-channel Kondo dot with g αβ (ω) = g αα (ω) = g(ω). 20 Note that our results are robust against the parity (left-right) asymmetry. 20 As shown in Fig. 1 , for g > (<) g c , the renormalized Kondo couplings exhibit peaks (dips) at ω = ±V /2, indicating Kondo (local moment) phase; while g(ω) is completely flat at criticality g = g c . The qualitative nature of these peaks (dips) in g(ω) agree well with Refs. 9 and 10 as signatures of conducting (insulating) behavior. The height (depth) of the peaks (dips) get shorter (shallower) as one reaches to QCP from the Kondo (LM) phase. Here, we focus on the LM phase (g g c ) where the perturbative RG approach is controlled. The full analytical and numerical solutions for g(ω) in the LM phase in the limit of D → 0 are found to be
T * ,˜ = T * , and g 0 being the bare Kondo coupling. As shown in Fig. 1 , The peaks (dips) of g(ω) near ω = ±V /2 shows a power-law behavior:
2 with a width of . We furthermore find analytically the universal scaling forms for g(ω = 0,V ) and g(ω = ±V /2,V ). These properties will be used in the following analysis to determine various novel nonequilibrium scaling behaviors in the LM phase:
III. UNIVERSAL SCALING OF NONEQUILIBRIUM DECOHERENCE
The current-induced decoherence which cuts off the RG flow is the key to understanding the nonequilibrium quantum criticality of our model, as all nonequilibrium observables depend crucially on the scaling behavior of . As shown in Fig. 1 (inset) , /V in the LM phase exhibits perfect universal V /T * scaling over a wide range 10 −6 < V /T * < 10 6 . The discovery of this generic universal scaling behavior for the nonequilibrium decoherence rate carries fundamental importance in the nonequilibroum quantum phase transition in Kondo systems. This also constitutes a surprising result since the highly nonlinear universal scaling of /V in Kondo-related models was either absent in Refs. 9 and 10 or has not been reported. 6 We believe this slow crossover is related to the large correlation length exponent ν = 1/r of the model. To gain more insight, we obtain the analytical approximated form
is well approximated by a semiellipse for −V /2 < ω < V /2 [see the perfect agreement in Fig. 2 (c) between dotted and dashed lines]. 9 Via Eq. (5) the decoherence at T = 0 is approximated as
It is clear from Eq. (6) that /V is a universal scaling function of V /T * . This well explains the scaling behavior obtained numerically (see Fig. 1 inset) . We extract further the asymptotic power-law behaviors of /V as a function of V /T * . For V T * , we have πV ≈ 
where effective depth of the dips for T (ω = ±V /2), estimated as
Hence, h(V ) in the LM phase follows a universal scaling function of V /T * [see Fig. 2 
(b)] with the asymptotic behaviors h(V
This new nonequilibrium scaling function h(V ) can be detected via the STM measurement on the leads.
B. The nonequilibrium conductance
Next, we turn our attention to transport properties. The nonequilibrium current I via the Fermi-Golden rule reads 9, 20 
The current I is computed numerically by Eq. (10), and is approximated as
. In the LM phase, it can be analytically approximated by
As shown in Fig. 2(c) , 
The approximated form for V χ loc reads [see Fig. 2 
For V T * , χ loc exhibits an anomalous power-law behavior, χ loc ∝ 1 V 1−ηχ with η χ = 2r 2 , distinct from its equi-
15 For V T * , however, we find χ loc acquires a power-law correction to the Curie behavior: V χ loc ≈ 1 − V χ loc and
with an anomalous exponent η χ = −r; while its corresponding equilibrium form shows a different anomalous power-law behavior:
14,15 At criticality (g = g c ), χ loc shows perfect Curie law behavior: χ loc ∝ 1/V . These distinct nonequilibrium signatures near the QCP are detectable in local susceptibility measurements.
V. DISCUSSIONS AND CONCLUSIONS
Before we draw conclusions, we would like to make a few remarks here. First, our general approach and generic results open up the study of a fundamentally important new subject on the nonequilibrium quantum phase transitions in the PGK model. Meanwhile, though there has been no direct realization of the pseudogap fermionic leads with small r < r * reported so far, our results are relevant for describing the QPT out of equilibrium of a realistic Kondo quantum dot coupled to magnetic metal leads (r = 0), the so-called Bose-Fermi Kondo (BFK) model. [6] [7] [8] In this system, the spin fluctuations in the leads (magnons) act as vector bosons ( ) coupled to the local spin on the dot via H SB = γ S dot · + q ω q † q · q , where the bosonic bath exhibits sub-Ohmic spectral density: ρ b (ω) ∝ |ω| 1− with = < r * .
25
In conclusion, via a controlled frequency-dependent renormalization group approach we have investigated the quantum phase transition out of equilibrium in the pseudogap Kondo quantum dot. At zero temperature and finite bias voltage, we discovered in the local moment phase new quantum critical behaviors in the T matrix, conductance, and local spin susceptibility that are distinct from those in equilibrium and at finite temperatures. The key to explaining these differences is the nonequilibrium current-induced decoherence at a finite bias voltage, which acts quite differently from its equilibrium (zero bias but finite temperature) counterpart. This leads to distinct nonequilibrium behavior near the quantum phase transition. Our predictions offer a general and new perspective both theoretically and experimentally on the nonequilibrium quantum phase transitions in Kondo dots.
